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We report that entangled pair of non-degenerate quan-
tum bits (clocks) can be used as a specialized detector for
precisely measuring difference of proper-times that each con-
stituent quantum bit experiences. We describe how the pro-
posed scheme is more precise than a scheme of two-separate-
quantum-clocks. We consider possibilities that the proposed
scheme can be used in precision test of the relativity theory.
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Quantum clock synchronization is a new possible ap-
plication of quantum entanglement: two remotely sepa-
rated participants Alice and Bob can synchronize their
clocks, provided that they share pairs of quantum bits
(qubits) in a maximally entangled state with a known
relative phase [1]. However, as noted in the original [1]
and other [2]- [5] works, the problem of the scheme is
that it is dicult to prepare the needed entangled states
without synchronized clocks between Alice and Bob. The
task of transporting and preserving one part of entangled
qubits is physically equivalent to that of doing so for a
non-entangled qubit (separate quantum clock) [2], due
to linearity of quantum mechanics. Thus in this case
there is no improvement over classical technique where
non-entangled quantum clocks should be very carefully
transported and preserved. If Alice and Bob can pre-
pare the required entangled qubits by the purication
protocol [7], it would be an improvement since require-
ment of the careful manipulations of qubits is relaxed
while qubits are being delivered and stored. However,
it does not seem to be possible for Alice and Bob to
do so without synchronized clocks between them [1,4].
Some authors have considered methods for overcoming
this problem [3,5]. Others gave Lorentz-invariant look
at the scheme [4] and discussed the scheme in connec-
tion with quantum error correction [5]. We also note
that an ecient quantum clock-transport scheme that
enable clock synchronization in a dierent way has been
proposed [6]. In this paper, we propose another applica-
tion of the entangled pairs of non-degenerate qubits. The
resulting scheme is a specialized detector that precisely
measures dierence of proper-times that each qubit expe-
riences. We consider the case where acceleration’s eects
on qubit’s time evolution is non-negligible. We suggest a
solution and rather a utilization of this case. We describe
how the proposed scheme is more precise than a scheme
where two separate quantum clocks are employed. Then
we consider using the proposed scheme in precision test
of relativistic time-dilation eects.
Let us assume that we have entangled pair of qubits in
the state
jΨ−i = j0iAj1iB − j1iAj0iB, (0.1)
where A and B respectively corresponds to each quan-
tum clock whose proper-time dierence will be compared
and normalization factor is omitted as would be through-
out this paper. We also assume that the two mutually
orthogonal state of qubit j0iα and j1iα (α = A,B) are
respectively eigenstates of its HamiltonianHα with eigen-
values E0α and E
1
α. Since the overall phase factor can be
neglected, time evolution during time t of each qubit is
in general given by the unitary operation
Uα(t)j0iα = j0iα
Uα(t)j1iα = e−iEαtj1iα, (0.2)
where Eα = E1α − E0α and h is set to be one. When two
clocks make dierent space-time trajectories, the time for
each clock is given by it’s own proper-time. First let us
consider a simple case EA = EB = E. (We will later
consider a general case where Eα’s are time-dependent
and thus are not the same.) After proper-times tA and
tB has respectively elapsed for A and B qubits, the initial
qubits in Eq. (0.1) becomes
UA(tA)UB(tB)jΨ−i
= UA(tA)(e−iEtB j0iAj1iB − j1iAj0iB),
= e−iEtB j0iAj1iB − e−iEtA j1iAj0iB. (0.3)
In order that the state remains in the initial one, as re-
quired in the quantum clock synchronization [1], a rela-
tion that tA = tB should be satised. (We do not con-
sider the case where the terms dier by 2npi, n is integer.)
This condition can be fullled by slow transportation of
qubits. In this case the relativistic eect is something to
be suppressed by careful manipulation (slow transporta-
tion) of qubits. Oppositely, we can utilize the property
in Eq. (0.3) of the state in measuring the relativistic
time-dilation eect. In the proposed scheme we initially
prepare qubits pairs in the state jψ−i at one site. Then
we make each party (labeled by A or B) depart and fol-
low its own space-time trajectory and then gather them
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again. Then we perform some (collective) measurement
on the qubits and get information about the proper-time
dierence t = tA − tB, as shown in the following. Ne-
glecting overall phase factor, we can rewrite Eq. (0.3)
as,
UA(tA)UB(tB)jΨ−i = j0iAj1iB − e−iE∆tj1iAj0iB. (0.4)
As we see, the proper-time dierence t contribute to
relative phase in the qubit pair. Thus we can determine
t by measuring the relative phase of the qubit pair. In
other words, the difference t of the proper-times that
each qubit experiences since they departed, is accumulat-
edly recorded in the relative phase of the non-degenerate
qubit pair in Eq. (0.4), which can be read out by collec-
tively measuring the qubits at one site.
Let us now consider the general case. Eα may be
time-dependent due to small perturbation by interaction
with environments or acceleration that each qubit suers
during the round trip in space-time. As we did above,
here we assume that the environmental eects can be re-
moved by shielding the qubits from environment, which
is possible at least in principle. It is not well known
yet how quantum clocks are perturbed by acceleration
except for the fact that the eect would be very small
[10]. The condition above that EA = EB = E assumes
that acceleration eect can be removed by some meth-
ods, e.g., careful choice of the system to be used as quan-
tum clocks or simply making the acceleration very small.
Here we consider the case where the acceleration eects
on the qubit’s time evolution is non-negligible (while en-




0)dt0−∫ tB0 EB(t)dt that we would measure
in the proposed scheme is combined results of relativistic
and acceleration eects, which cannot be discriminated
from each other in the measurement result. Nevertheless,
we can still utilize the proposed scheme for measuring
proper-time dierence by making each quantum clock to
suer the same acceleration eect while following dier-
ent path in space-time. For example, we can consider the
following case almost similar to the twin-paradox exper-
iment [8]. One (the other) party makes a short (long)
trip. However their accelerating sections in the space-
time map are the same with each other. In this case
the acceleration eect cancels with each other and thus
we can estimate pure relativistic time-dilation eect from
the measurement result. Let us consider another exam-
ple, gravitational time-dilation [9,10] where we can also
make the acceleration eects to cancel with each other:
rst prepare the two parties of entangled qubits. Then
lift both of them to a higher place and then bring down
one party to the original place. After waiting for a long
time, bring down the other party with the same magni-
tude of acceleration and velocity as the rst one. On the
other hand, we can make use of the proposed scheme for
measuring the acceleration eect. Let one party to be at
rest and another party to makes a trip with some acceler-
ation, as we do in the original twin-paradox experiment
[8]. Measure the phase dierence φ and calculate each
party’s proper-time using formula of special relativity.
The dierence between them is the acceleration eect.
Now let us describe how the proposed scheme is more
precise than a method where proper-times of two sepa-
rate quantum clocks that have traveled through dierent
space-time routes are simply compared to estimate the
dierence between them. It is clear that accuracy of the
two-separate-clocks scheme is limited by certain uncer-
tainty of each constituent separate clock. That is, the
proper-time dierence cannot be measured more accu-
rately than the uncertainty of each clock. One origin of
the uncertainty can be explained as follows. Accuracy
of a quantum clock is roughly a product of the period
T of a phase rotation and uncertainty in phase measure-
ment δφ, that is,  Tδφ. One may to try to decrease the
term Tδφ by decreasing T or by increasing the speed of
phase rotation (or Eα). However, in this case δφ become
larger instead, because the faster it rotates the more dif-
cult it becomes to accurately measure a phase φ: in
real measurement we would inevitably measure an av-
erage of the phase during a nite time interval δt, not
that of an instance. Thus we have δφ  δt/T and then
the uncertainty Tδφ is given by δt. In contrast, in the
proposed scheme the relative phase in Eq. (0.4) to be
measured does not rotate when the qubits are being mea-
sured. Thus the above reciprocal relation between T and
δφ is no longer valid in the proposed scheme. Namely, we
can increase speed of phase rotation of each qubit thus
decreasing T in the proposed scheme, without increasing
the uncertainty of phase δφ to be measured. Therefore we
can determine the proper-time dierence t more accu-
rately in the proposed scheme than in the two-separate-
clocks method. Let us consider quantum clocks whose
phase rotation can be turned on or o, as we like by
some operation. For example, spin precession of particles
by applied magnetic eld can used as quantum clocks.
Here we can make the clocks turned on (o) by applying
nonzero (zero) magnetic eld. In this case accuracy of
the two-separate-clocks scheme would not be limited by
the reciprocal relation since we may turn o both clocks
when we are measuring them. However, in this case the
magnetic eld instead must be precisely controlled to the
level of required accuracy of the scheme, which would be
a much more dicult task than attaining the required
accuracy with two naturally given energy eigenstates.
The precision that the entangled quantum clocks
scheme aords is estimated to be order of period T , as-
suming δφ  1. The period T of hyperne transition
is of order of 10−10 second. However, in the proposed
scheme a system with more rapidly rotating phase can
be employed since the phase become stationary when it
is being measured, as noted above. By choosing some
qubits whose energy dierence Eα is of an order of one
electron volt, we can obtain T  10−14 second. How-
ever, the greater energy dierence Eα becomes, the more
probable the higher energy state spontaneously makes a
transition to the lower one in general. This problem may
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be avoided by adopting some metastable states as qubits,
although this problem would limit the accuracy of the
proposed scheme. It is interesting to note that at least in
principle the proposed scheme may used to detect time-
dilation eect that gravitational wave cause, in a setting
similar to a non-mechanical gravitational wave detector
proposed by Braginsky and Menskii [11,10]: x two com-
ponent quantum clocks on edges of a disk, making an
angle pi/2 with the origin of the disk. The disk is free-
falling and constantly rotating in phase with a frequency
component of gravitational wave and the axis of rotation
is pointing to the source of the wave. Then one clock’s
time is constantly dilated than the other one’s, due to
gravitational eld of the wave. However, it still seems to
be a formidable task to detect gravitational wave using
the proposed scheme.
In conclusion, we reported that entangled pair of non-
degenerate qubits (clocks) can be used as a specialized de-
tector for precisely measuring dierence of proper-times
that each constituent qubit experiences. Acceleration’s
eects on qubit’s time evolution may be non-negligible.
In this case we considered some experiments where the
acceleration eect cancels with each other. Oppositely,
we also considered making use of the proposed scheme
in detecting the acceleration eect. Then we described
how the proposed scheme is more precise than a scheme
where readings of two separate quantum clocks are com-
pared. The proposed scheme can be used in precision
test of relativistic time dilation eects-the twin paradox
eect [8], gravitation time-dilation [9,10], and possibly
time-dilation due to gravitational wave.
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